We present the extended Kuranishi space for Kodaira surface as a nontrivial example to Kontsevich and Barannikov's extended deformation theory. We provide a non-trivial example of Hertling-Manin's weak Frobenius manifold. In addition, we find that Kodaira surface is its own mirror image. Our computation is done in the context of compact nilmanifolds. The calculation of extended deformation and the weak Frobenius structure is based on Merkulov's perturbation method. The approach to relating symplectic structure and complex structure is inspired by Gualtieri's work on generalized complex structures.
1 Introduction
Background and Main Results
Since the emergence of theoretical physicists' theory of mirror symmetry, there are two particularly important mathematical approaches to it. One is Kontsevich's theory of homological mirror symmetry including a theory of extended deformation theory [1] [13] [24] . Another is the SYZ conjecture [37] . Both have undergone considerable development, articulation and expansion in the past ten years.
In the homological mirror symmetry approach, the extended deformation theory involves the full cohomology ring. Its development includes a consideration of Frobenius manifolds and weak Frobenius manifolds [27] . Although the chief impetus to both the homological mirror symmetry and SYZ conjecture is a desire to understand the mathematical rationales and validity in mirror symmetry among Calabi-Yau manifolds, the scope of Barannikov-Kontsevich theory could be significantly extended to include complex manifolds and symplectic manifolds in general, and not limited to Kähler manifold in particular. Work in such spirit could be found among Merkulov's recent work [31] [32] [33] [34] . In particular, Merkulov develops a homotopy version of Hertling-Manin's weak Frobenius manifold theory and discovers an F ∞ functor. In [30] , Merkulov considers two objects mirror image to each other if their images through the F ∞ functor agree.
Within this development of extended deformation, very few examples are known. The author has seen torus as the only example [24] . Perhaps, this is not surprising because even within classical deformation theory, analysis of explicit examples of moduli space of complex manifolds has never been straight forward [4] [5] [9] [17] [22] [29] .
In this paper, we present the extended Kuranishi space of Kodaira surface and find its mirror symplectic structure in the sense of Merkulov. We note that although Kodaira surface is non-Kählerian and hence falls outside the realm of the quest for mirror image for Calabi-Yau manifolds, its first Chern class vanishes nonetheless. The main results in this paper are the following two observations.
Theorem I Let N be a primary Kodaira surface. Its extended Kuranishi space has four components. There are two linear components C 6|4 and C 5|4 . It has two additional components contained in the complement of an odd linear hyperplane in C 5|5 and in C 4|5 respectively. It has a non-trivial weak Frobenius structure.
The computation of Kuranishi space is completed by Theorem 25. A description of the weak Frobenius structure is found in Section 3.6. In the above theorem, we use the notation of supermanifold. Our principle reference for theory of supermanifold is Manin's book [26] . Our second main result is concerned with a mirror symmetry on Kodaira surface. Its development is inspired by the concept of generalized complex structures [18] [20] .
Theorem II Let J be the complex structure on the Kodaira surface N . There exists a family of symplectic structures on the underlying smooth manifold of N such that for each symplectic structure Ω, (N, J) and (N, Ω) are mirror image of each other.
For experts, it is not a surprise that a complex structure has multiple mirror images [24] .
Overview
The algebraic core of this investigation is an analysis of differential Gerstenhaber algebras associated to various objects, including complex structures and symplectic structures [32] . On complex manifolds, the involvement of graded differential algebra in classical deformation theory is well known since Kodaira and Spencer era [10] [16] [23] . For a manifold N with a complex structure J, the underlying space of the algebra in the extended deformation theory is the bundle of type (0, q)-forms with values in polyvector fields. The algebra product [ • ] J is an extension of the Schouten bracket as seen in classical deformation theory [23] . The operator making the algebra a differential algebra is the classical ∂-operator twisted by Chern connection of a choice of Hermitian metric. Elements with different degrees interact through exterior product ∧. is the smooth bundle of type (1, 0)-vectors. This is an example of differential Gerstenhaber algebra. In this case, the induced cohomology theory of the differential algebra is the Dolbeault cohomology with coefficients in polyvector fields ⊕ p,q H q (N, ∧ p T N ) where T N is the holomorphic tangent bundle on the complex manifold N .
In this article, we take the viewpoint that extended deformation is a deformation of differential Gerstenhaber algebra. To prepare our computation, we review the axiomatic properties of differential Gerstenhaber algebra in the first section, and introduce the notion of quasi-isomorphism among differential Gerstenhaber algebras. We go on to construct a set of examples of differential Gerstenhaber algebra dG(g, J). They are associated to finite dimensional 2-step nilpotent algebra g with real 2-dimensional center and an invariant complex structure following the framework in [17] and [29] .
In view of the algebra dG(N, J), we need a thorough understanding of the Dolbeault cohomology on N with coefficients in the bundle of polyvector fields ∧ p T N . Note that a Kodaira surface could be recognized as the compact quotient of a nilpotent group [21] . From this perspective, its de Rham cohomology is well understood through Nomizu's theorem [35] . It states that the inclusion of the complex of invariant forms in the complex of differential forms on nilmanifolds induces an isomorphism between the induced cohomology. More recent results show that the same could be said on the Dolbeault cohomology with coefficients in the trivial bundle and tangent bundle respectively [7] [17] [29] . Therefore, our objective is to apply finite dimensional differential Gerstenhaber algebra dG(g, J) to study Kodaira surfaces.
The first major technical result in this paper is Theorem 12. If g is the Lie algebra of the nilpotent group covering N , Theorem 12 effectively says that under a certain restriction the inclusion of the invariant differential Gerstenhaber algebra dG(g, J) in the algebra dG(N, J) induces an isomorphism on their induced cohomology. In particular, extended deformation of Kodaira manifolds is controlled by the finite dimensional algebra dG(g, J).
Since this algebra is finite dimensional, harmonic analysis becomes algebraic. So is the extended deformation theory. In Section 2.6, we calculate the degree-2 harmonic fields on Kodaira manifolds. They are elements in the following space.
In Section 3.1, we present the basics of extended deformation theory. Our principle reference for this section is [30] . The purpose of this section is to explain how one calculates extended deformations and the Kuranishi space, and explain the construction of a weak Frobenius structure on the Kuranishi space. To quickly illustrate this theory, we prove in Section 3.2 that extended deformation in the direction of every degree-2 harmonic field is unobstructed.
From Section 3.3 on, we limit ourselves to Kodaira surfaces. In this section, we give a complete description of a finite dimensional differential Gerstenhaber algebra dG(g, J) on the Kodaira surface (N, J). In Section 3.4, we solve the Maurer-Cartan equation essentially through a recursive formula. Since we are able to identify a harmonic basis for the cohomology, we will find the obstruction to integrability. It in turns yields a description of the Kuranishi space. In Section 3.5 we analyze the jumping phenomena in the Kuranishi space and their smooth components. Finally, through the viewpoint that an extended deformation of differential Gerstenhaber algebras yields differential Gerstenhaber algebras, in Section 3.6 we calculate the associative product for the weak Frobenius structure over a component of the Kuranishi space.
A feature of this investigation so far is the development of an algebraic deformation theory based on homological algebra but in the absence of geometric interpretation of the deformed objects. Recent development introduces geometry in this computation. Based on Hitchin's work [20] , Gualtieri develops the concept of generalized complex structure as a special kind of distribution L in the complexification of the direct sum of the real tangent bundle T N and the cotangent bundle T * N [18] . It is closely associated to Courant and Weinstein's approach in unifying Poisson structure and symplectic structure, otherwise known as Dirac structure [8] . He further develops the deformation theory of generalized complex structures and finds that his deformation theory is contained in the cohomology theory of (
C is the Courant bracket and d L is the Lie algebroid derivative. The resulting cohomology space containing the virtual parameter of deformation is contained in the extended deformation theory: ⊕ p+q=2 H q (N, ∧ p T N ). We expand this discussion in Section 4.1.
In view of the development of generalized complex structures, in Section 4.2 we apply Barannikov, Kontsevich, Merkulov's approach to calculate deformations of Kodaira surfaces generated by degree-2 elements. It turns out that we could not only prove that every direction is unobstructed but also construct a deformation to reach a family of symplectic structures. In addition, we verify that this is a family of integrable generalized complex structures on the Kodaira surface N .
We note that Kodaira surfaces also serve as one of the early examples of complex non-Kählerian manifolds with symplectic structures [38] . Given a symplectic structure Ω, it is known that there is an associated differential Gerstenhaber algebra.
We leave the details for its construction to Section 4.3 but note that the induced cohomology is precisely the de Rham cohomology. As we remark a few paragraph above, de Rham cohomology on nilmanifold is well understood [35] . If one considers the finite dimensional differential Gerstenhaber algebra of invariant forms dG(g, Ω) :
Nomizu's theorem means that the inclusion of the algebra dG(g, Ω) in the algebra dG(N, Ω) induces an isomorphism on cohomology level. In other words, dG(g, Ω) and dG(N, Ω) are quasi-isomorphic.
Since dG(g, J) and dG(N, J) are also quasi-isomorphic when (N, J) is a Kodaira surface, once we establish an isomorphism between the finite dimensional algebras dG(g, J) and dG(g, Ω) in Section 4.4, we conclude that (N, J) and (N, Ω) are mirror image of each other.
Differential Gerstenhaber Algebra of Nilmanifolds
Prompted by Fröhlihcher and Nijenhuis' pioneering work in 1956 [12] , Kodaira and Spencer published their papers on deformation theory of complex manifolds in 1958 [23] . By that time, it was already known that differential algebras and associated cohomology play important roles in deformation of complex structure [10] [11] . In 1962, as an effort to investigate deformation of associative rings, Gerstenhaber developed a method to analyze the infinitesimal automorphism and infinitesimal deformations of his algebraic objects [15] . The algebraic nature of his investigation took Gerstenhaber to analyze the structure of the entire infinitesimal ring, i.e. the cohomology ring. This is the departure point from classical deformation theory. The algebraic part of the consideration in low degrees is in close resemblance to Kodaira and Spencer's differential algebra. The infinitesimal ring has the structure of what we now call the Gerstenhaber algebra. Thanks to the development of the extended deformation theory by Kontservich [24] , Barannikov [1] , Hertling, Manin [19] and Merkulov [30] , it is now known that Gerstenhaber algebras and differential Gerstenhaber algebras are fundamental objects in deformation theory in a very general setting. In this section, we briefly review the axiomatic structure of differential Gerstenhaber algebra and construct a collection of examples based on 2-step nilpotent algebra with a complex structure.
Differential Gerstenhaber Algebra
Let f be a graded vector space over the complex number field.
If v is an element in f j , it is said to be homogeneous and we denote its grading j byṽ, and its grading mod 2 by v ′ . 
.
Given a differential Gerstenhaber algebra, the operator gives a resolution
Consider the cohomology
Due to axioms (D3) and (D4), the Schouten bracket and the wedge product descend to the cohomology ring h = ⊕ k h k . The following observation becomes trivial.
Lemma 2 The cohomology of a differential Gerstenhaber algebra
inherits the structure of a Gerstenhaber algebra.
This rather trivial observation will play an important role for a computation towards the end of this paper. In particular, deformation theory will be calculated on the cohomology level, we shall see that there are occasions when the cohomology theory of one differential Gerstenhaber algebra could be effectively handled by that of a smaller algebra. If we ignore the distributive law (C3), the structure of a differential Gerstenhaber algebra could be considered as the two entities. The triple (f, ∧, ∂) with axioms (C1), (C2), (D1), (D2) and (D4) forms a differential graded algebra. The triple (f, [ • ], ∂) with axioms (L1), (L2), (L3), (D1), (D2) and (D3) forms a differential graded Lie algebra. If the grading of the algebra f is reduced to Z 2 , it is the structure of odd differential Lie superalgebra [26, To facilitate our computation, we note that (L3) is considered as Jacobi identity. Its alternative expression is
The commutative law and the distributive law could also be expanded to include the following.
[a
Note that the first equality in (5) and (6) respectively are not new. They are identities due to (C2). In addition, given (4), the distributive properties of the bracket over wedge product (5) and (6) are equivalent.
Construction of a Gerstenhaber Algebra
Suppose that g is a finite dimensional Lie algebra over the real number field. Its Lie bracket is denoted by the usual [ , ] . Let J be a complex structure on g. In other words, J • J = −identity.
The complexification of g is denoted by g C . It decomposes into type (1,0)-vectors and (0,1)-vectors, i.e. the +i and −i-eigenvectors with respect to the linear map J. i.e.
We obtain a complex structure on the dual vector space g * . It has a corresponding decomposition
We shall consider the following spaces.
, and g * (0,q) := ∧ q g * (0,1) .
We define a graded vector space f by
If φ 1 ⊗ Ξ 1 and φ 2 ⊗ Ξ 2 are in g * (0,q) ⊗ g p,0 and g * (0,ℓ) ⊗ g k,0 respectively, then we define a wedge product ∧ by
This map sends (g
. Given the operation (12), we represent φ ⊗ Ξ by φ ∧ Ξ, and observe the sign rules for wedge products. Moreover, using the usual wedge product among elements in ⊕ q g * (0,q) and ⊕ p g p,0 , we find that homogeneous elements in f satisfy Axiom (C2). Next, we generate the Schouten bracket [ • ] on f in the following way. If U j and V ℓ are in g 1,0 , then
For ψ in g * (0,p) and
and
If φ is in g * (0,ℓ) , we define
Finally for φ ∧ Ξ in g * (0,q) ⊗ g p,0 and ψ ∧ Θ in g * (0,ℓ) ⊗ g k,0 , we define
It is straightforward to verify that the structure (f, [ • ], ∧) forms a Gerstenhaber algebra.
Remark. Note that if
This is the usual Fröhlihcher-Nijenhuis bracket in classical deformation theory [10] [23].
Construction of a Differential Operator
Our construction in this section follows very closely the line of discussion in [29] . We refer readers to it for background materials. We assume that the complex structure J is Abelian. It means that it is a linear endomorphism J such that for any A and B in g,
This type of complex structures has been studied in recent years [2] [17] [28] [29] [36] . It is characterized by the eigenspaces g 1,0 and g 0,1 with respect to J being Abelian subalgebras of the complexified algebra g C . Suppose that the Lie algebra g is a 2-step nilpotent Lie algebra. It means that its first derived algebra g 1 is contained in the center c. Moreover, the quotient t of the algebra g by the center c is Abelian. It yields an exact sequence of algebra
As a vector space, we have a direct sum decomposition g C = t C ⊕ c C . Since the complex structure J is Abelian, the center is J-invariant. Therefore, we have
Let {T j , 1 ≤ j ≤ n} be a basis for t 1,0 . Assume that the real dimension of the center c is two-dimensional. Let W be a non-zero element in c 1,0 . It spans the entire c 1,0 . Then the 2-step nilpotence and (19) together imply that the structural equation of the Lie algebra is given by the constants E kj and F kj such that
The structural constants are subject to the constraints thatF kj = −E jk .
Let {ω j , 1 ≤ j ≤ n} and {ρ} be the dual bases of {T j } and {W } respectively. Then the dual structural equation is
It follows that
In particular, we have 
We obtain a linear map
Next, we extend this operator to polyvectors g p,0 by derivation. For example,
Using the usual ∂-operator on differential forms, we further extend this operator to f as follows. For Ω ∧ Ξ ∈ g * (0,q) ⊗ g p,0 , define
In particular,
Given the ∂-operators, we have a resolution for each g p,0 .
Lemma 5 When the dimension of c 1,0 is equal to one, the above resolution is a complex. i.e.
Proof: Since the complex structure is integrable,
Therefore, it suffices to prove that ∂ 2 Ξ = 0 for all Ξ. Since ∂W = 0, we may focus on Ξ ∈ t k,0 . By re-ordering elements in the basis, it suffices to consider
Since ∂T j is the linear span of W due to dimension restriction, and ∂W = 0 due to the step of nilpotence, the last operation yields zero. q. e. d.
Definition 6
Let h p,q be the q-th cohomology of the complex (31) . i.e.
Furthermore, we now have
Lemma 7
The triple (f, ∧, ∂) forms a graded differential algebra.
Next we need to verify the following lemma.
Lemma 8 The triple (f, ∂, [ • ]) forms a graded differential Lie superalgebra.
Proof: Since it is obvious that ∂f j ⊂ f j+1 , we need to verify that for all homogenous a and b in f, they satisfy Axiom (D3).
Since the complex structure is Abelian, the Schouten bracket among polyvector fields are identically zero. Therefore,
for any polyvector field Θ and form φ. It is true if Θ = T ℓ for some ℓ and
Using the distributive law (6), we may now prove inductively that (33) is valid when the form is ρ. Note that if the form in (33) is one of the forms ω k , it is also valid because both side are equal to zero. Now, an inductive proof using the second distributive law (6) complete the proof of (33). q. e. d.
As an intermediate conclusion, we note the following.
Proposition 9 For any 2-step nilpotent algebra g with an Abelian complex structure J and real two-dimensional center, the triple (f, [ • ], ∂) forms an odd differential graded algebra.
It follows that the Schouten bracket descends to the cohomology algebra so
Concerned with the scope of the last theorem, we note that there are at least six series of Lie algebra qualified for assumptions, each parameterized by the dimensions [36] . The classical deformation theory of the compact quotient of such complex manifolds were analyzed in [17] [28] [29] .
2-Step Nilmanifolds
In this and the next section, we study the Dolbeault cohomology with coefficients in polyvector fields of 2-step nilmanifolds along the line of [17] and [29] . Kodaira manifolds as defined in [17] will be presented as examples. We note that de Rham cohomology on such manifolds were studied a long time ago [35] . More recently, results on Dolbeault cohomology with trivial coefficients are also found [7] .
Recall that g is a 2-step nilpotent Lie algebra such that the real dimension of its center is two dimensional. Let G be a simply connected Lie group for the algebra g. Suppose there exists a discrete subgroup Γ of G such that the quotient space Γ\G with respect to the left action of Γ is compact. The resulting quotient is called a nilmanifold. On the group G, we use left translations of J to define an left-invariant almost complex structure on the manifold G. Due to invariance, it descends to a complex structure on N = Γ\G. Since the almost complex structure is left invariant and Abelian, its Nijenhuis tensor vanishes. It turns the compact manifold N into a complex manifold.
At some point, we need to find representatives in cohomology classes. To do so, we take the Hermitian metric on Γ\G such that the frame {W, T j , 1 ≤ j ≤ n} is Hermitian. In addition, this choice of Hermitian metric induces a Hermitian metric on the bundle of polyvectors ∧ p T N . It induces the Chern connection, a convenient tool in computing Dolbeault cohomology.
Note that the extension (20) yields a holomorphic fibration from N onto a compact quotient of the Abelian group with fiber a compact complex onedimensional group. It means that it is a principal holomorphic fibration over an Abelian variety with an elliptic curve in the fiber.
The vector field generated by W is a global holomorphic vector field trivializing the kernel of the differential of the projection map Ψ. Let T N and O N be the holomorphic vector bundle and the structure sheaf respectively for the complex manifold N . The projection above yields an exact sequence of holomorphic vector bundles on N .
Since c 1,0 is one-dimensional, an inspection of transition function implies that for all p, one has the exact sequence
In the next few sections, we calculate the harmonic representative of the Dolbeault cohomology with coefficients in polyvector fields ∧ p T N for the complex nilmanifold N .
Dolbeault Cohomology of Polyvector Fields
In [29] , it is proved that the direct image of the structure sheaf on N is given by
By projective formula, we derive the following.
Lemma 10 For m ≥ 1, the direct image sheaves with respect to Ψ are.
Lemma 11 Let O N and T N be the structure sheaf and the tangent sheaf for N . Let t 1,0 be the (1, 0)-part of the complexification of t C . Let t * (0,1) be the (0, 1)-forms. Then
Proof: The first statement is already proved in [29] . We focus on the second one here. Leray spectral sequence for
Due to the last proposition, E a,b 2 is equal to
. Note that elements in t p,0 are holomorphic polyvector fields on M and hence globally defined sections of Ψ * ∧ p T M on N . Elements in c * (0,b) are globally defined holomorphic (0,b)-forms on X. Most important, elements in t * (0,a) are globally defined holomorphic (0,a)-forms on N . It follows that the operator d 2 is identically zero. Therefore, the spectral sequence degenerates at E 2 , and
It concludes the proof. q. e. d.
Recall that h p,q is the q-th cohomology with respect to the ∂-operator on the polyvectors g p,0 (See Definition 6).
Theorem 12 Suppose that N is a 2-step nilmanifold with Abelian complex structure and complex one-dimensional center, then there is a natural isomor-
Proof: For each fixed p, the induced long exact sequence of (36) yields
By the last lemma, the coboundary map is
By virtue of the exactness,
Now we chase the diagram to calculate the coboundary map. Let φ be a (0, q)-form. Let Θ be an element in t p,0 , considered as a holomorphic vector field on M and a holomorphic section of Ψ * T M . If Θ = T 1 ∧ · · · ∧ T p is such a section, then by considering it as a section of T N , it is a smooth lifting of Θ as a section of T M . Denote it byΘ. From this perspective,
where ∂ ∇ is the usual ∂-operator twisted by the Chern connection on the bundle [14] and definition of the operator ∂ given in (28), we conclude that on g * (0,q) ⊗ t p,0 , δ q = ∂ q . On the other hand,
Since ∂W = 0, the first summand is equal to zero. Since ∂T j is in the linear span of W for all j, the second summand is equal to zero as well. Therefore,
Therefore,
Since the algebra is a 2-step nilpotent, it is contained in g * (0,q) ⊗ c 1,0 ⊗ t p−1,0 . In addition, we have
In terms of extended deformation theory, the last theorem gives the following observation.
Corollary 13 Suppose that (N, J) is a complex manifold given in Theorem 12.
The inclusion of the invariant differential Gerstenhaber algebra dG(g, J) in the algebra dG(N, J) is a quasi-isomorphism.
In view of this observation, we consider dG(g, J) the algebra controlling the extended deformation of (N, J).
When we compute Kodaira or Kuranishi formula in both classical and extended settings, it will be necessary to find harmonic representatives in the Dolbeault cohomology for the polyvector fields. Since the Dolbeault cohomology are now identified to the cohomology h p,q , the next theorem allows us to identify harmonic representatives for the Dolbeault cohomology in terms of h p,q .
As all vector spaces in questions are finite dimensional, we use the Hermitian inner product on g * (0,q) ⊗ g p,0 to define the orthogonal complement of the image 
) is a space of harmonic representatives for
The idea behind the proof of this theorem is embedded in [17] . Details could be found in the proof of a similar theorem on cohomology with coefficients in holomorphic tangent bundle in [29] . We do not repeat the details here.
Kodaira Manifolds
In the context of classical theory of complex manifolds, Kodaira surfaces are locally trivial elliptic fibration over elliptic curves with its first betti number equal to three [3] . It could be recognized as the compact quotient of a nilpotent extension of a three-dimensional Heisenberg group. An example could be constructed algebraically. In all our subsequent computations, we extend a construction to all dimensions and choose an explicit co-compact subgroup for our consideration.
Consider the manifold R 2n ⊕ R 2 with coordinates (x j , y j , u, v), where 1 ≤ j ≤ n. Define a multiplication by
This multiplication turns R 2n ⊕ R 2 into a Lie group with the origin as identity element. It is isomorphic to the product of the (2n+1)-dimensional Heisenberg group H 2n+1 and the one dimensional additive Abelian group R. The former is given by v = 0. The latter is given by x j = y j = u = 0 for all j. Let (X j , Y j , U, V ) be the left invariant vector fields generated by left translations of
∂v at the identity element. The sole non-zero structural equation is given by
Let h 2n+1 be the Heisenberg algebra generated by X j , Y j , U . The quotient of the Heisenberg algebra by the center is Abelian. It is denoted by t 2n . The trivial algebra spanned by V is denoted by t 1 . The center c of g = h 2n+1 ⊕ t 1 is two-dimensional. It is spanned by U, V . At the identity element of the Lie group H 2n+1 ×R, define an endomorphism
It is an Abelian complex structure. Let
. Then the non-zero structural constants are
The following two observations will be critical for our future computation.
Lemma 15
The ∂-operator of the Gerstenhaber algebra f is completely generated by the following.
Lemma 16 The Schouten bracket in the Gerstenhaber algebra f is completely generated by the following.
Let e 1 , . . . , e 2n , e 2n+1 , e 2n+2 be the standard basis for the vector space R 2n ⊕ R 2 . The discrete subgroup Γ generated by them has rank 2n+1. Its quotient is a compact manifold. We denote it by N . This is a Kodaira manifold.
Given Lemma 15 and Lemma 16, we demonstrate how one may calculate cohomology space on a Kodaira manifold.
Since ∂ω j = 0 for all 1 ≤ j ≤ n and ∂ρ = 0,
For future reference, we shall also use the symbols
We refer to these 2-forms as β-fields. Next, we work on the resolution for g 1, 0 . From (15), it is apparent that
Next, every element in g * (0,1) ⊗ c 1,0 is ∂-closed. As
it follows that
Then we have
We refer to elements in h 1,1 and s j k the classical fields. Next we consider h 2,0 = H 0 (N, ∧ 2 T N ). In view of (15), ∂(T j ∧ W ) = 0. On the other hand,
For future reference, we shall also use the symbol B j := T j ∧ W . We shall refer to elements in h 2,0 the B-fields. We now summarize our calculation above in the next lemma.
Lemma 17
On a Kodaira manifold, the degree-2 harmonic fields, or simply 2-fields, in h are given as follows.
Finally, we could also identify some elements in the center with respect to the Schouten bracket. Note that dω j = 0 for all 1 ≤ j ≤ n, and W commutes with all vectors, it follows that ω j and W commute with all elements in algebra f with respect to the Schouten bracket. Moreover for any a and b in f,
Furthermore, let us consider elements of the form 
Kodaira Surface, its Extended Deformations
In this section, we apply the theory of extended deformations as developed by Barannikov, Kontsevich [1] and Merkulov [30] to analyze the complex structure on Kodaira surface as defined in the previous sections. As a preparation for the full theory, we illustrate the first few steps in a computation on Kodaira manifolds, but will return to a full analysis on Kodaira surfaces. It will be necessary for us to use the language of supermanifold. For this subject, our general reference is a book by Manin [26] 
A Brief Overview of Extended Deformation
It is known that extended deformation can be applied to a wide variety of geometric or algebraic objects, including complex structures, symplectic structures and Poisson structures. In a future section, we shall indeed work on extended deformation of symplectic structures on Kodaira surface. However, in this section we focus on complex structures to illustrate the general theory. We begin with classical deformation theory of complex structures [23] [25] . In this case, the virtual parameter space of deformation is contained in the first cohomology with coefficients in the holomorphic tangent bundle H 1 (N, T N ) . One chooses a Hermitian metric h on N so that elements in the Dolbeault cohomology are represented by harmonic elements. Let Γ 1 be the harmonic representative of an element in H 1 (N, T N ). Let ∂ be the usual d-bar operator on differential forms twisted by the Chern connection of the metric h on holomorphic tangent bundle. Denote its adjoint with respect to the Hermitian metric h by ∂ * . The Laplace operator is ∂∂ * + ∂ * ∂. Let G be the corresponding Green's operator that inverts the Laplace operator on the orthogonal complement of the space of harmonic forms. Then we inductively set
Next, we consider the formal sum
Kuranishi theory shows that over a domain when this formal sum converges and so long as the harmonic part of [Γ • Γ] vanishes, Γ leads to a germ of integrable deformation whose infinitesimal deformation is Γ 1 . It is equivalent to solving the Maurer-Cartan equation
with an initial condition. In this setting, Γ is a smooth section of T N -valued (0, 1)-form. Next we consider extended deformation theory. A rigorous treatment of this theory could be found in several papers. Our principle reference is [30] . Below we present a shortcut into the computational aspect of the theory.
On a complex manifold, there is a natural differential Gerstenhaber algebra. Its graded vector space is the space of smooth sections of bundle of (0, q)-forms with values in (p, 0)-vectors.
The Schouten bracket and the wedge product are fiber-wise defined as we did for the finite dimensional vector spaces Section 2.2 and Section 2.3 . The ∂-operator is a twist of the ∂-operator on differential forms by the Chern connection of a Hermitian metric on holomorphic tangent bundle. The cohomology is
An important point of view is that by extended deformation of a complex structure, we mean the deformation of the associated differential Gerstenhaber algebra. We shall explain below how this point comes about.
Limiting ourselves to technical issues and to be in analogue with classical case, we treat elements in h as infinitesimal deformations. To construct a deformation with prescribed infinitesimal deformation, we take a harmonic base for h denoted by θ α . Let Γ be a harmonic representative with coordinates x = (x α ). At this point, we consider h as a 'supermanifold' with even and odd coordinates. A coordinate x α is odd if and only if the grading of the corresponding harmonic element θ α in the Gerstenhaber algebra h is odd. In other words, the coordinate functions have non-trivial parity depending on whether it is odd or not. One may attempt the classical Kuranishi recursive method to generate a solution, and identify the obstruction. This is done in [30] . The obstruction is stored in an odd vector field ∂ on the supermanifold h. It is uniquely determined by the fact that if Γ is a generated by the Kuranishi recursive method, then ∂Γ is equal to the harmonic part of −∂Γ −
. Following Merkulov we call this vector field the Chen vector field [6] . Therefore, finding extended deformation is to solve the following 'extended' Maurer-Cartan equation
with the initial condition that Γ ≡ Γ 1 . Since the Chen vector field stores all the obstruction to integrability, the extended Kuranishi space in the space ker ∂ up to gauge equivalence. To describe the equivalence, we take [ , ] to be the usual (super) Lie bracket of vector fields on the infinite dimensional supermanifold n. The gauge equivalence is due to foliation
In other words, the Kuranishi space is the quotient space.
Along the Kuranishi space in this new sense, we consider the operator
This theorem demonstrates that extended deformation gives deformation of differential Gerstenhaber algebras within the category of differential Gerstenhaber algebras. Due to Lemma 2, we obtain a variation of the induced Gerstenhaber algebra on the cohomology level. Note that there are immediate ∂ Γ -closed elements. For instance, if we take a partial derivative of the Maurer-Cartan equation with respect to the super-coordinate x α , we find that
Therefore, ∂Γ ∂xα represents a ∂ Γ -closed class. Examining the first order terms for ∂Γ ∂xα and for all α, we realize that they span the entire cohomology because it happens when x α = 0.
As we have a deformed differential Gerstenhaber algebra,
is again ∂ Γ -closed. Therefore, up to a ∂ Γ -exact term there exists a function µ
Now consider a product on the tangent bundle T K of the supermanifold K defined by In the presence of obstruction, the entire computation is replaced by the operator
In such case, Merkulov finds a homotopy version of F-manifolds, so called F ∞ manifolds. In this case, the structure exists on h.
In conclusion, Merkulov proves that for every differential unital Gerstenhaber algebra f with finite dimensional cohomology h, the cohomology is an F ∞ manifolds [30, Theorem A] .
Note that Merkulov's theorem is proved without regarding how the differential Gerstenhaber algebra arises. It is applicable not only to the differential Gerstenhaber algebra associated to a complex manifold in particular but to any differential Gerstenhaber algebra. Later in this paper, we shall explain the construction of differential Gerstenhaber algebra associated to a symplectic manifold.
Kodaira Manifolds, a Limited Edition
In a later chapter, we shall discussion the special role of degree-2 harmonic fields in extended deformation theory along the line of Gualtieri's recent work [18] . At presence, we simply focus on a calculation to illustrate how one could solve the Maurer-Cartan equation generated by elements in h 2 .
We need to investigate the β-fields (53), the classical fields (61) and the B-fields (62) given by Lemma 17. In addition, the auxiliary classical field
plays an important role in subsequent computation. It has the property that
As observed in Lemma 18, B ij commutes with all the degree-2 harmonic fields with respect to the Schouten bracket. We compute all other Schouten brackets using all the axiomatic relations such as distributive laws and associative laws. We first consider Schouten brackets between the β-field and the other fields. By Lemma 18 again,
Next, we consider the classical fields.
[φ
It demonstrates that the only non-zero Schouten bracket among elements in h 2 is due to
Next, we consider the Schouten bracket between the classical field s i j and all elements in h 2 .
[s
Given the above formula, we are ready to seek solution to the Maurer-Cartan equation (66). To do it, we follow the classical recursive method as spelled out in [30] . Consider any element in h 2 as a linear combination.
Define
Then the previous identity is
The recursive formula calls for Γ [2] = Γ 1 + Γ 2 . Knowing the Schouten bracket between the classical field s i j and all the harmonic 2-fields, we find that
Again, we may use Kuranishi's method and define Γ 3 = a 2 Γ 2 . This procedure could be carried out inductively to solve the Maurer-Cartan equation. However, due to the identities in (83), we know that when the formal power series Γ generated by the Kuranishi recursive method converges, it is given by
where f is a function of the coordinates of Γ 1 in h 2 , i.e. {a j , a ij , a, a k j , a j }. In addition, as the Schouten bracket is contained in the image of the ∂-operator, the operator ∂ does not deform. In other words, the Chen vector field ∂ in this case is equal to zero. Therefore, in view of (82) and (83),
Therefore, Γ solves the Maurer-Cartan equation if and only if f = 1 1−a . Although the above computation begins with elements in h 2 only, their Schouten bracket and the Kuranishi recursive method do not generate any element other than those in h 2 and the classical field s i j . Therefore, the above process provides a solution to the extended deformation for any given direction in h 2 .
Theorem 21 Every direction Γ 1 in h 2 as an infinitesimal extended deformation is unobstructed. If
and a = 1, then (Γ, ∂ = 0) with
is a solution to the extended Maurer-Cartan equation with Γ 1 as initial condition.
Differential Gerstenhaber Algebra of Kodaira Surfaces
After the exercise in the last section, we now go through the same process to prepare a computation on the full extended moduli of Kodaira surfaces. We begin with a calculation on the full cohomology of all polyvector fields. Given the low complex dimension, we need to calculate
for q = 0, 1, 2. By (11),
By (15), we find that
Given any element Φ in g * (0,1) ⊗ g 1,0
Since the image of ∂ in this space is spanned by ω ∧ W ,
Moreover, the above base consists of harmonic representatives. Similarly, kernel of ∂ on the space g * (0,2) ⊗ g 1,0 is spanned by ω ∧ ρ ∧ T and ω ∧ ρ ∧ W . Since the latter is in the image of ∂-operator as we have seen in the last paragraph,
For the resolution of g 2,0 , since ∂(T ∧ W ) = 0, ∂ρ = 0 and ∂ω = 0,
Due to Lemma 18, we could sort elements in the center of the Lie algebra by spotting if it is in the ideal generated by ω . In summary, the harmonic representatives of the cohomology space h is spanned by the following elements.
By taking the above classes as harmonic representatives, we are in effect choosing an inclusion of the Gerstenhaber algebra h in the full differential Gerstenhaber algebra f. In this sense, we consider orthogonal complement of h p,q in f p,q , denoted by (h p,q ) ⊥ . This space is spanned by the following elements.
In all the above computation, we repeatedly use the commutative law (4), distributive laws (5) and (6), and information on degree-1 elements generate all the algebraic relations among elements of higher degree. Perhaps, it is useful to summarize all the 'generating data' for the algebra.
Lemma 22
The invariant differential Gerstenhaber algebra dG(g, J) = (f, [ • ], ∧, ∂) associated to the complex structure of the Kodaira surface (N, J) is generated as follows.
1. The algebra with respect the wedge product '∧' is the exterior algebra generated by the four degree-1 elements {T, W, ρ, ω}.
The sole non-zero Schouten bracket among degree-1 elements is give by
[T • ρ] = − i 2 ω.(95)
The differential on degree-1 elements is determined by
Next we calculate the induced Schouten bracket [ • ] h on cohomology space h := ⊕ 2 p,q=0 h p,q .
Proposition 23 The odd Lie superalgebra
Proof: Note that ∂W = 0, therefore W commute with all elements. Moreover for any a and b in h,
Therefore, the Schouten bracket among the three elements
are all equal to zero. We only need to consider the Schouten bracket between ρ and anyone of these three elements. With the aids of Lemma 15 and Lemma 16, we find that among elements in h, the only non-zero brackets are given as follows.
[
The proof of the proposition is completed. q. e. d.
Finally we complete the picture by computing all the Schouten brackets on f by including T and ρ ∧ T . First note that
The rest of the brackets is presented in the next table.
Solving the Extended Maurer-Cartan Equation
Consider an element Γ 1 in h. We choose coordinate functions as follows.
Here (t 0 , . . . , t 5 ) are even coordinates and (s 0 , . . . , s 5 ) are odd coordinates.
To find the solution to the extended Maurer-Cartan equation (68), we seek to add higher order terms to Γ 1 so that we result in a Γ with the property that
is harmonic. Based on our experience in Section 3.2, we learn that the addition is due to the terms occurred as potential term with respect to ∂ after taking Schouten brackets. Note that a potential could not be harmonic because it is ∂-closed. In view of Table (101) and formula (100), we conclude that the only new terms could be added are T and ρ ∧ T . Therefore, we set
To solve for µ 1 and µ 2 , we have a few terms to calculate.
Note that we have to observe the fact that ∂ has degree 1, µ 1 is odd and µ 2 is even in the above formula. Next,
In the proof of Proposition 23, we have seen that the only non-trivial Schouten brackets among elements in h are given by (98) and (99). Therefore,
Next, by Table ( 101), we find that
Similarly,
Now, we combine (103) (104), (106) and (100) to conclude that
Since the ω, ω ∧ ρ, ω ∧ ρ∧ T ∧ W and ω ∧ T ∧ W are non-zero harmonic elements, we require
It is possible if and only if µ 1 − µ 1 t 2 + s 0 t 4 = 0, and µ 2 − µ 2 t 2 + s 0 s 3 = 0.
In the case when |t 2 | < 1, we see that
Therefore, when |t 2 | < 1, we set
To complete a solution of the extended Maurer-Cartan equation, we note that
In view of (107), we set
As a conclusion, we sum up the results in a theorem. 
Extended Kuranishi Space
From the viewpoint of solving the Maurer-Cartan equation (66), we may consider the Chen vector field ∂ as the object storing information on obstructions to finding solutions. Therefore the quotient space
is called the Kuranishi space. In our particular case, the Kuranishi space is contained in two components, namely {s 0 = 0} and {t 4 = 0, s 3 = 0}.
We denote the respective component in the Kuranishi space K 0 and K 1 . In view of the extended solution Γ given in (110), we see that on both components of the Kuranishi space, the Maurer-Cartan equation is solved completely by linear elements. We shall describe both components in some details. When s 0 = 0, the supermanifold h has only eleven coordinates. There are six even coordinates (t 0 , t 1 , t 2 , t 3 , t 4 , t 5 ) and five odd coordinates (s 1 , s 2 , s 3 , s 4 , s 5 ). By (110) solutions to Maurer-Cartan equation are precisely the linear terms.
Next, we consider the restricted distribution
Recall that [ , ] is the Lie bracket on a supermanifold and that we use a ′ to represent the mod-2 grading of a homogeneous object in a Z-graded or Z 2 -graded object. In this way, we see that if f is a function, A and B are homogeneous vector fields in the sense of grading, then in ∂ vanishes along s 0 = 0 to order 2, we find that
This is non-zero along s 0 = 0 only if B = ∂ ∂s 0
. In such case, we find that
Therefore, the distribution D 0 jumps in dimension depending on s 3 equal to zero or not. It follows that the Kuranishi space K 0 has two strata. One is when s 3 = 0. This component of K 0 is linear space
The other stratum is a space obtained by taking quotient of the open set where s 3 = 0. The computation above shows that when s 3 = 0, the distribution D is spanned by
. Therefore, we conclude that the smooth part K 0,generic of K 0 is contained in s 3 = 0 with a quotient by t 5 .
A similar analysis could be done on the component K 1 on which s 3 = t 4 = 0. In this case, consider the restriction
Here we see that the distribution D 1 jumps in dimension according to s 0 vanishes or not. Therefore, the Kuranishi space K 1 has two strata. The singular stratum is given by s 0 = 0. In this case, the component K 1,singular is a linear space. 
Associative Product for a Weak Frobenius Manifold
As explained in Section 3.1, along the directions when the Chen vector field vanishes, one obtains an associative and commutative product • on the tangent bundle [30] . This product is a key ingredient in making the extended moduli space a weak Frobenius manifold in the sense of Hertling and Manin [19] . In this section, we calculate the associative product on the weak Frobenius manifold K 0,generic . We shall use T to denote its tangent bundle and express the associative product • with respect to global coordinate vector fields. Since For example,
Since we take the quotient respect to
Let us take two more examples. Consider
In this case, we note that
Next, we consider
Recall that ρ ∧ T is not ∂-closed. Let us check if it is closed under ∂ Γ . Given
Since we take the quotient with respect to
, we may now conclude that
Therefore, 
(129)
Remark: In the matrix of the F-manifold structure, it is interesting to observe that the even part is trivial. An interesting F-manifold structure emerges only when we look into interaction with odd directions. This is not clear to the author if this is a general phenomena.
Kodaira Surface, its Mirror Images
This section is perhaps best understood through the concept of generalized complex structure. This concept is introduced by Hitchin [20] . It is further developed by Gualtieri, and could be considered as a geometric realization for the degree-2 elements in Barannikov and Kontsevich's extended deformation theory [18] . Deformation of generalized complex structures is also known to be capable to interpolate between complex and symplectic structures at least within the framework of a single hyperKähler structure [18, 4.6] . We shall reinforce this idea in with a very concrete example.
Kodaira surface is known to be a complex manifold with a non-Kählerian symplectic structure [38] . In this section, we continue our analysis of extended deformation of a complex structure on the Kodaira surface, but limit to harmonic 2-fields as initial conditions. We demonstrate that the complex structure could deform to a symplectic structure through extended deformation theory. We then verify that this is indeed a deformation through generalized complex structures. Finally, we shall explain that the symplectic structure and the complex structure in question are mirror images to each other in appropriate sense.
Basic Elements in Generalized Complex Structures
We review some basic elements in the theory of generalized complex structures before we come down to do our computation.
We first consider the theory on the linearized level. If g is a real vector space, we consider the natural complex bi-linear form on (g ⊕ g * ) C as follows.
With respect to this bilinear form, the notation of isotropic subspace is well defined. Given this concept, it is convenient to take the following proposition as a definition.
Proposition 26 [18, Proposition 4.3] , [20] A generalized complex structure on g is equivalent to the specification of a maximal isotropic complex subspace
If such a structure exists smoothly over each tangent plane of a smooth manifold, one gets a generalized almost complex structure. If g is the Lie algebra of a compact nilmanifold, then a generalized complex structure on g could be considered as an invariant generalized almost complex structure on the nilmanifold.
The integrability of a generalized almost complex structure is determined by the Courant bracket [8] . The Courant bracket [ , ] C between two elements Ξ + φ and Θ + ψ is given by
By definition, an invariant generalized almost complex structure L is integrable if and only if it is involutive with respect to the Courant bracket.
Here we see that a generalized almost complex structure is a subspace in (g ⊕ g * ) C . Therefore, a deformation will involve elements in
We leave readers interested in deformation theory of generalized complex structures to [18] .
From Complex to Symplectic Structures
We now return to extended deformation. Recall that h 2 is spanned by
With respect to the coordinates (t α , s β ) on h as introduced in Section 3.4, if Γ is contained in h 2 , then there are complex numbers (t 1 , t 2 , t 3 , t 4 ) such that
Due to dimensional limitation, the non-harmonic classical field s i j vanishes. Therefore, by either Theorem 21 or Theorem 24, every element in h 2 is a solution to the Maurer-Cartan equation (66). Therefore, we obtain extended deformation of Kodaira surfaces through 2-fields.
As noted in the last section, we may consider the following interpretation of the 2-fields.
In such context, we see that
Now consider the distribution spanned by
This is a choice of a complex structure through its (0,1)-vectors. The (1,0)-forms are dictated by them being the annihilators of (0,1)-vectors. Together, they define a generalized complex structure. It is considered as a subbundle of (T N ⊕ T * N ) C . Given Γ as in (133) a new distribution L Γ is defined by the graph of Γ. It is the linear span of the following.
With respect to the ordered base {T , W , ω, ρ, T, W, ω, ρ}, the distribution L Γ is given by the 
If t 1 = t 4 = 0, we recover classical deformation of complex structures on Kodaira surfaces as found by Borcea [5] [17] . It has two free complex parameters t 2 and t 3 as predicted by classical theory.
We may also consider the extended complex structure given by t 2 = t 3 = 0. There is a very special family depending on one complex parameter.
where t = 0. Let u and v be the real and imaginary part of the complex number t. i.e. t = u + iv. Let ω = α + iβ and ρ = γ + iδ. Define
Then the distribution L Γ ⊕ L Γ is the complexification of
as a subbundle of the real direct sum T N ⊕ T * N . Therefore, the complex structure J deforms through extended deformation theory to an invariant symplectic structure Ω. Now we examine the entire family as generalized complex structures. 
the distribution L Γ is an integrable generalized complex structure.
Proof: First of all we need to verify that the distribution is isotropic. This is a straight forward computation because ω, ρ are dual to T , W . It is maximal and L Γ ∩ L Γ = 0 if the span of L Γ and its complex conjugate together span (T N ⊕ T * N ) C . This is the case if and only if (145) satisfied. Since L Γ is isotropic, due to [18, Proposition 3.17] , the subbundle L Γ is involutive with respect to the Courant bracket if the invariant frames as given in (141) = −t 4 [T , T ] + ι T dρ + t 3 ι T dρ − t 2 ι T dρ − t 2 t 3 ι T dρ + t 1 t 4 ι T dρ.
By the structural equation (22) and (24), it is equal to i 2 (W + W ) + ω − t 3 ω 3 − t 2 ω + t 2 t 3 ω − t 1 t 4 ω = i 2 (1 − t 2 )(ω + t 4 W − t 3 ω) + i 2 t 4 (W + t 2 W − t 1 ω).
This is an element in L Γ . In addition, the self-bracket of each element is equal to zero, it follows that the distribution L Γ is indeed involutive with respect to the Courant bracket. In other words, L Γ is an integrable generalized complex structure. q. e. d.
Differential Gerstenhaber Algebra of Symplectic Structures
In this section, we study the symplectic structure Ω found on Kodaira surface in the last section. We seek its associated differential Gerstenhaber algebra.
In general, whenever a manifold N has a symplectic structure Ω, the associated differential Gerstenhaber algebra is constructed as follows [32] . The graded vector space is the space of section of differential forms of any degrees. The grading is the degree. The wedge product ∧ is precisely the usual exterior multiplication among differential forms. Next we use the contraction with the symplectic form Ω to define an isomorphism from the tangent bundle to cotangent bundle. The Schouten bracket among vector fields is transported to a bracket [ • ] Ω among differential forms. The final product
form a differential Gerstenhaber algebra. The cohomology is precisely the de Rham cohomology. However, instead of working on this differential Gerstenhaber algebra, we could work on a simpler algebra. It is proved that on nilmanifolds the inclusion of the complex of invariant differential forms in the de Rham complex induces an isomorphism of cohomology [35] . In other words, the differential Gerstenhaber subalgebra
yields the same cohomology of the full algebra.
Corollary 28 [35] The inclusion of invariant differential Gerstenhaber algebra dG(g, Ω) in the algebra dG(N, Ω) is a quasi-isomorphism.
Computation of de Rham cohomology of Kodaira surfaces is now easy. It is spanned by invariant forms as follows.
H 0 (N, C) = 1 , H 1 (N, C) = α, β, δ ,
Let us now focus on an explicit construction of the differential Gerstenhaber algebra on the Kodaira surface with symplectic form Ω = u(α ∧ γ − β ∧ δ) + v(α ∧ δ + β ∧ γ).
The linear isomorphism ι : T → T * defined by contraction with Ω yields the following.
ι(X) = uγ + vδ, ι(Y ) = vγ − uδ, ι(U ) = −uα − vβ, ι(V ) = −vα + uβ.
Mirror Images
Preparation in the past discussion leads to the main theorem in this chapter.
Theorem 30
The invariant differential Gerstenhaber algebras for the complex structure J, dG(g, J) and the symplectic structure Ω, dG(g, Ω) on the Kodaira surface are isomorphic.
Proof: In view of Lemma 22 and Lemma 29, it suffices to construct an isomorphism between the space of degree-1 elements. Let us consider the map Υ : (g
defined by
As this is an isomorphism between the vector space of degree-1 element, and preserves the relation among Schouten brackets and differentials, it is an isomorphism between two differential Gerstenhaber algebra. q. e. d.
Theorem 31 Let N be the Kodaira surface. The map Υ defines an isomorphism
Proof: This is a consequence of quasi-isomorphisms established by Corollary 13, Corollary 28, and the isomorphism established by Theorem 30. q. e. d.
Recall that given a differential Gerstenhaber algebra dG, Merkulov shows that there is an associated F ∞ structure defined on the cohomology ring [30] . We denote this structure by F ∞ (dG). Merkulov further argues that if dG and dG are two differential Gerstenhaber algebras, then they are the (dull) mirror image of each other. In other words dG and dG are mirror images of each other if F ∞ (dG) = F ∞ ( dG).
In particular, the cohomology rings of dG and dG are isomorphic. Furthermore, whenever a geometric object such as complex structure J, generalized complex structure J , symplectic structure Ω or Poisson structure P on a manifold has a naturally defined differential Gerstenhaber algebra, we shall consider their mirror image through their respective associated algebras, dG(N, J), dG(N, J ), dG(N, Ω), dG(N, P), etc. .
Given Theorem 30 and Theorem 31 on Kodaira surface, we know that F ∞ (dG(N, J)) = F ∞ (dG (N, Ω) ).
In conclusion, (N, J) is the mirror image of (N, Ω). In mirror geometry, one typically looks for a pair of manifolds respectively with a complex structure and a symplectic structure (N, J, Ω) and (N ′ , J ′ , Ω ′ ) such that F ∞ (dG(N, J)) = F ∞ (dG(N ′ , Ω ′ )) and F ∞ (dG(N, Ω)) = F ∞ (dG(N ′ , J ′ )).
In this sense, the Kodaira surface with its complex structure J and symplectic structure Ω is its own mirror image.
